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In this paper we stabilize asymptotically the periodic orbits of the Rabinovich
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1. Introduction
The Rabinovich system (see e.g. [3], [2]) has been intensely studied last
time from many points of view (see e.g. [7], [8], [1], [6] and many others). In [6]
we studied this system from the Poisson geometry and the dynamics point of
view. We studied in particularly the existence of periodic solutions by using the
Lyapunov center theorem on the symplectic leaves of the Poisson configuration
manifold.
The purpose of this article is to stabilize asymptotically the periodic orbits of
the Rabinovich system using a method described in [4] and to find a perturbation
which stabilize globally asymptotically an arbitrary periodic orbit of a generic
three-dimensional Hamiltonian system and in particular the periodic orbits of
the Rabinovich system. In the paper [6] the Rabinovich system is modeled as
a Hamilton-Poisson dynamical system on a Poisson manifold with one Casimir
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and consequently, the dynamics is given by common level set of the Casimir and
the Hamiltonian of the Poisson manifold.
We consider an arbitrary periodic orbit of the Rabinovich system around
a Lyapunov stable equilibrium point. For this orbit we don’t know any pa-
rameterization or if it is asymptotically stable or unstable. From the Poisson
structure, we know that the periodic orbit of the system lies on a common level
set of the Casimir and the Hamiltonian. Now we fix this common level set of
the Casimir and the Hamiltonian and perturb the system, but the periodic orbit
remains a periodic orbit for the perturbed system too. The perturbed families
are parameterized by an arbitrary strictly positive smooth real function. There
are two cases, one when the Hamiltonian remains dynamically invariant for the
perturbed system and one when the Casimir remains dynamically invariant for
the perturbed system. We will consider and a third case when the periodic or-
bit remains a periodic orbit for the perturbed system too, but the Hamiltonian
and the Casimir do not remain dynamically invariant for the perturbed system.
In the first two cases we have two possibilities: first when the periodic orbit
of the perturbed system can be the orbitally phase asymptotically stable and
second when it is unstable with respect to perturbations along the level set of
the Hamiltonian (respectively the Casimir), which contains the periodic orbit.
But, in the first two cases, we can’t obtain the global asymptotic stabil-
ity because the dynamics is located on the common level surfaces Hamilto-
nian=constant or Casimir=constant and at least one of them is dynamically
invariant in this cases. If we do not keep both the Hamiltonian and the Casimir
dynamically invariant, only the periodic orbit of the studied system remains
periodic orbit for the perturbed system, we can stabilize asymptotically this
periodic orbit in an entire tubular neighborhood around it. So, we consider a
third case for a generic three-dimensional Hamiltonian system for global asymp-
totic stabilization of a periodic orbit of the system when the Hamiltonian and
the Casimir do not remain dynamically invariant for the perturbed system and
consequently the dynamics is located in an entire tubular neighborhood around
the periodic orbit of the system without the constrains to remain on the sur-
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faces Hamiltonian=constant or Casimir=constant from the first two cases. In
this third case, the periodic orbit of the given system remains periodic orbit
for the perturbed system and the perturbed families are parameterized by two
arbitrary strictly positive smooth real functions.
2. Preliminaries
The Rabinovich system which we propose to study, namely


x˙ = yz + βy
y˙ = −xz + βx
z˙ = xy
(1)
where β ∈ R is a parameter, is a particular case of the Rabinovich system
introduced in [3].
In the paper [6] we studied the system (1) from Poisson geometry and the
dynamics point of view. We recall from [6] some results that we need to stabilize
asymptotically the periodic orbits of the Rabinovich system. This results are:
the Poisson structure (Proposition 2.1), and the Casimir of the configuration
(Proposition 2.1), because the system has to be a Hamiltonian system and in the
first two cases we keep invariant first the Hamiltonian and then the Casimir,
the equilibrium states and their stability (Proposition 2.2) and the existence
of periodic orbits (Proposition 2.3 and Proposition 2.4) because we want to
perturb one (or a pair) arbitrary periodic orbit from a family of periodic orbits
wich appear around the Lyapunov stable equilibrium states of the Rabinovich
system.
Proposition 2.1 ([6]). The center of the Poisson algebra C∞(R3,R) is gen-
erated by the Casimir invariant C ∈ C∞(R3,R), C(x, y, z) = 1
2
(−x2 + y2) + z2
and the dynamics (1) has the following Hamilton-Poisson realization:
(R3,Π−LP , Hβ) (2)
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where
Π−LP (x, y, z) =


0 2z −y
−2z 0 −x
y x 0

 (3)
is the minus Lie-Poisson structure on (o(Q))∗ ∼= R3, and the Hamiltonian Hβ ∈
C∞(R3,R) is given by Hβ(x, y, z) =
1
4
(x2 + y2)− βz.
Now we can write the dynamics (1) in the form
du
dt
= ν(u)(∇H(u)×∇C(u)), u = (x, y, z) ∈ R3 (4)
with ν(x, y, z) = 1.
Proposition 2.2 ([6]). The equilibrium states of the Rabinovich system are
given as the union of the following three families:
E1,β = {(M, 0, β) :M ∈ R},
E2,β = {(0,M,−β) :M ∈ R},
E3,β = {(0, 0,M) :M ∈ R}
(5)
and the stability of the equilibrium states from the each family is the following:
1. All the equilibrium states from the family E1,β are nonlinearly stable except
for the equilibrium (0, 0, β), which is unstable for β 6= 0.
2. All the equilibrium states from the family E2,β are unstable for β 6= 0. For
β = 0 all the equilibrium states from the family E2,0 are unstable except
for the origin which is nonlinearly stable.
3. Let β 6= 0, and eM = (0, 0,M) ∈ E3,β be an arbitrary equilibrium state.
The equilibrium eM ∈ E3,β is nonlinearly stable for |M | > |β| and unstable
for |M | ≤ |β|. For β = 0 all the equilibrium states from the family E3,0
are nonlinearly stable.
Around the Lyapunov stable equilibrium points of the above families, we
poved the existence of the periodic solutions of the Rabinovich system (1) as it
shows in the below propositions:
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Proposition 2.3 ([6]). Let (0, 0,M) ∈ E3,β be such that |M | > |β|. Then there
exists ε0 > 0 and a one-parameter family
(
γ
(0,0,M)
ε
)
0<ε≤ε0
of periodic solutions
of the Rabinovich system (1), that approaches (0, 0,M) as ε → 0 with periods
T
(0,0,M)
ε
ε→0−→ 2pi√
M2 − β2
. The union
{(0, 0,M)} ∪
⋃
0<ε≤ε0
γ(0,0,M)ε
forms a smooth two dimensional manifold with boundary γ
(0,0,M)
ε0 , manifold that
is diffeomorphic to the closed disk in R2.
Proposition 2.4 ([6]). Let M 6= ±β√2 and M 6= 0. Then for each equilib-
rium state (M, 0, β) ∈ E1,β, there exists δ0 > 0 and a one-parameter family(
γ
(M,0,β)
δ
)
0<δ≤δ0
of periodic solutions of the Rabinovich system (1), that ap-
proaches the equilibrium (M, 0, β) as δ → 0, and have the periods T (M,0,β)δ
δ→0−→ 2pi|M | .
The union
{(M, 0, β)} ∪
⋃
0<δ≤δ0
γ
(M,0,β)
δ ,
form a two dimensional manifold with boundary γ
(M,0,β)
δ0
, manifold that is dif-
feomorphic with the closed disk in R2.
We recall now the definition concerning the stability of the periodic orbits
of a dynamical system.
Let consider x˙ = X(x) a dynamical system generated by a smooth vector
field X ∈ X(U), defined on an open subset U ⊆ Rn and Γ = {γ(t) ⊂ U : 0 ≤
t ≤ T } is a T -periodic orbit of x˙ = X(x).
Definition 2.1 ([5]). 1. The periodic orbit Γ is called orbitally stable if,
given ε > 0 there exists a δ > 0 such that dist(x(t;x0),Γ) < ε for all t > 0
and for all x0 ∈ U such that dist(x0,Γ) < δ .
2. The periodic orbit Γ is called unstable if it is not orbitally stable.
3. The periodic orbit Γ is called orbitally asymptotically stable if it is or-
bitally stable and (by choosing δ smaller if necessary), dist(x(t;x0),Γ)→ 0
as t→∞.
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4. The periodic orbit Γ is called orbitally phase asymptotically stable,
if it is orbitally asymptotically stable and there is a δ > 0 such that for
each x0 ∈ U with dist(x0,Γ) < δ, there exists θ0 = θ0(x0) such that
lim
t→∞
‖x(t;x0)− γ(t+ θ0)‖ = 0.
For more details regarding the stability analysis of periodic orbits see e.g., [5].
We recall now the main theorem from [4] which provides two classes of
perturbations, of which one keeps dynamically invariant the Hamiltonian H ,
and respectively one keeps dynamically invariant the Casimir function C and
the periodic orbit of the initial system will remain a periodic orbit for the
perturbed system too.
Theorem 2.1 ([4]). Let
du
dt
= ν(u)(∇H(u)×∇C(u)), u ∈ U (6)
be a three-dimensional dynamical system defined on an open subset U ⊆ R3 ,
with H,C, ν ∈ C∞(U,R) given smooth real functions, such that H and C are
functionally independent on an open subset V ⊆ U .
Suppose there exists Γ ⊂ V a periodic orbit of (7). If Γ ⊆ (H,C)−1({(h, c)}),
where (h, c) ∈ R2 is a regular value for the map (H,C) : U → R2, then the
following conclusions hold true.
1. If c is a regular value of the map C : U → R, then for every smooth
function α ∈ C∞(V, (0,∞)):
(a) Γ , as a periodic orbit of the perturbed dynamical system
du
dt
= ν(u)(∇H(u)×∇C(u))−α(u)(H(u)−h)[∇C(u)×(∇H(u)×∇C(u))],
u ∈ V , is orbitally phase asymptotically stable, with respect to per-
turbations in V , along the invariant manifold C−1({c}).
(b) Γ , as a periodic orbit of the perturbed dynamical system
du
dt
= ν(u)(∇H(u)×∇C(u))+α(u)(H(u)−h)[∇C(u)×(∇H(u)×∇C(u))],
u ∈ V , is unstable.
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2. If h is a regular value of the map H : U → R, then for every smooth
function α ∈ C∞(V, (0,∞)):
(a) Γ, as a periodic orbit of the perturbed dynamical system
du
dt
= ν(u)(∇H(u)×∇C(u))+α(u)(C(u)−c)[∇H(u)×(∇H(u)×∇C(u))],
u ∈ V , is orbitally phase asymptotically stable, with respect to per-
turbations in V , along the invariant manifold H−1({h}).
(b) Γ, as a periodic orbit of the perturbed dynamical system
du
dt
= ν(u)(∇H(u)×∇C(u))−α(u)(C(u)−c)[∇H(u)×(∇H(u)×∇C(u))],
u ∈ V , is unstable.
3. Asymptotic stabilization of periodic orbits of the Rabinovich sys-
tem
In order to stabilize globally asymptotically an arbitrary periodic orbit from
a family of periodic orbits of a generic three-dimensional dynamical system, we
consider another class of perturbations.
The dynamics is located on the common level set of the Casimir and the
Hamiltonian of the Poisson manifold and it is happening in any tubular neigh-
borhood of an arbitrary periodic orbit of the studied system too. In each of the
two cases above the dynamics will remain on the surface Hamiltonian=constant,
respectively Casimir=constant and we can obtain asymptotic stabilization only
on the invariant surface where the periodic orbit that we want to stabilize asymp-
totically is located. If we remove this constrains, the perturbed system will have
not any constant of motion and we can obtain the global asymptotic stabiliza-
tion in an entire tubular neighborhood around the periodic orbit considered. In
this case remain dynamically invariant only the periodic orbit and the two com-
mon level surfaces whose intersection represents this periodic orbit considered.
In order to do this, we do not need any parameterization of the periodic orbit of
the studied system and the same perturbation stabilize globally asymptotically
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each conexis components if there are more than one for the considered periodic
orbit in a tubular neighborhood around it.
Remark 3.1. Let
du
dt
= ν(u)(∇H(u)×∇C(u)), u ∈ U (7)
be a three-dimensional dynamical system defined on an open subset U ⊆ R3 ,
with H,C, ν ∈ C∞(U,R) given smooth real functions, such that H and C are
functionally independent on an open subset V ⊆ U .
Suppose there exists Γ ⊂ V a periodic orbit of (7). If Γ ⊆ (H,C)−1({(h, c)}),
where (h, c) ∈ R2 is a regular value for the map (H,C) : U → R2, then if c and
h are regular values of the maps C : U → R, respectively H : U → R, then
for every smooth functions α, β ∈ C∞(V, (0,∞)) we have that Γ , as a periodic
orbit of the perturbed dynamical system
du
dt
=ν(u)(∇H(u)×∇C(u))
− α(u)(H(u)− h)[∇C(u)× (∇H(u)×∇C(u))]
+ β(u)(C(u)− c)[∇H(u)× (∇H(u)×∇C(u))],
u ∈ V , is orbitally phase asymptotically stable, with respect to perturbations in
V .
Now, for the case of the Rabinovich system, we can apply the Theorem 2.1
and the Remark 3.1 to obtain three classes of perturbations, namely, one which
keeps dynamically invariant the Hamiltonian Hβ, one which keeps dynamically
invariant the Casimir function C, and respectively one which keeps not dynami-
cally invariant the Hamiltonian Hβ nor the Casimir C. In all cases, the periodic
orbit of the Rabinovich system will remain a periodic orbit for the perturbed
system too.
Let us observe that the maximal set where ∇Hβ and ∇C are linearly in-
dependent, is the open set given by the complement of the set of equilibrium
points of (1), namely
V := R3 \ {{(x, 0, β) : x ∈ R} ∪ {(0, y, β) : y ∈ R} ∪ {(0, 0, z) : z ∈ R}} (8)
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because ∇Hβ(u), ∇C(u) and X(u) are linearly independent if and only if u is
not an equilibrium point of the dynamical system.
Recall from [6] that there exists an open and dense subset S of the image
of the map (Hβ , C) : R
3 → R2 , such that each fiber of any element (h, c)
from S, corresponds to periodic orbits of Rabinovichs equations. Moreover, any
such element is a regular value of (Hβ , C), as well as its components for the
corresponding maps, Hβ and respectively C.
In [6] we find the subsets from semialgebraic splitting of all subsets of the
image of the energy-Casimir map Im(Hβ , C). In particular, the subsets of S
described in terms of the image of equilibria of the Rabinovich system through
the map (Hβ , C) that provide periodic orbits, are:
1. β 6= 0
(a) c > β2
i) Σ
(s,−)↔(s,+)
(3,β)↔(3,β) =
{
(h, c) ∈ R2 : β2c > h2; c > β2} ,
ii) Σ
(s,−)
(3,β) =
{
(h, c) ∈ R2 : β2c = h2; c > β2} ,
iii) Σ
(s,±)→(u,∗)
(3,β)→(2,β) =
{
(h, c) ∈ R2 : 2h− β2 < c < h
2
β2
;h > β2
}
,
iv) Σ
(u,∗)→
(2,β)→ =
{
(h, c) ∈ R2 : β2 < c < 2h− β2} .
(b) c = β2
i) Σ
u→(u,0)
(1,β)→(2,β) =
{
(h, c) ∈ R2 : −β2 < h < β2; c = β2} ,
ii) Σ
(u,0)→
(2,β)→ =
{
(h, c) ∈ R2 : h > β2; c = β2} .
(c) 0 < c < β2
i) Σ
(s,−)→(u,−)
(1,β)→(3,β) =
{
(h, c) ∈ R2 : −β2 < h < 0;max{−2h− β2, 0} < c < h
2
β2
}
,
ii) Σ
(u,−)→(u,+)
(3,β)→(3,β) =
{
(h, c) ∈ R2 : −β2 < h < β2; h
2
β2
< c < β2
}
iii) Σ
(u,+)→
(3,β)→ =
{
(h, c) ∈ R2 : h > 0; 0 < c < min{β2, h
2
β2
}
}
.
(d) c = 0
i) Σ
(s,0)→(u,0)
(1,β)→(3,β) =
{
(h, c) ∈ R2 : −β
2
2
< h < 0; c = 0
}
,
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ii) Σ
(u,0)→
(3,β)→ =
{
(h, c) ∈ R2 : h > 0, c = 0} .
(e) c < 0
Σ
(s,+)→
(1,β)→ =
{
(h, c) ∈ R2 : −2h− β2 < c < 0} .
2. β = 0
(a) c > 0
i) Σ
(s,∗)→u
(3,0)→(2,0) =
{
(h, c) ∈ R2 : h > 0; c > 2h} ,
ii) Σu→(2,0)→ =
{
(h, c) ∈ R2 : 0 < c < 2h} .
(b) c = 0
Σ
(s,0)→
(1,0)→ =
{
(h, c) ∈ R2 : h > 0; c = 0} .
(c) c < 0
Σ
(s,∗)→
(1,0)→ =
{
(h, c) ∈ R2 : −2h < c < 0} .
For more details see [6].
Let (h, c) ∈ S and let
Γ ⊆ (Hβ , C)−1({(h, c)}) (9)
be a periodic orbit of the dynamical system (4). Then by Theorem 2.1, the
following conclusions hold true.
Theorem 3.1. 1. For every smooth function a ∈ C∞ (V, (0,∞)):
(a) Γ, as a periodic orbit of the dynamical system


x˙ = yz + βy − a(x, y, z)
(
x2 + y2
4
− βz − h
)(
xy2 + 2xz2 − 2βxz)
y˙ = −xz + βx − a(x, y, z)
(
x2 + y2
4
− βz − h
)(
yx2 + 2yz2 + 2βyz
)
z˙ = xy − a(x, y, z)
(
x2 + y2
4
− βz − h
)(−βx2 + zx2 − βy2 − y2z)
u ∈ V , is orbitally phase asymptotically stable, with respect to per-
turbations in V , along the invariant manifold
C−1({c}) =
{
(x, y, z) ∈ R3
∣∣∣∣12(−x2 + y2) + z2 = c
}
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(b) Γ, as a periodic orbit of the dynamical system


x˙ = yz + βy + a(x, y, z)
(
x2 + y2
4
− βz − h
)(
xy2 + 2xz2 − 2βxz)
y˙ = −xz + βx + a(x, y, z)
(
x2 + y2
4
− βz − h
)(
yx2 + 2yz2 + 2βyz
)
z˙ = xy + a(x, y, z)
(
x2 + y2
4
− βz − h
)(−βx2 + zx2 − βy2 − y2z)
u ∈ V , is unstable.
2. For every smooth function a ∈ C∞ (V, (0,∞)):
(a) Γ, as a periodic orbit of the dynamical system


x˙ = yz + βy + a(x, y, z)
(
z2 +
y2 − x2
2
− c
)(
xβ2 − xzβ + xy
2
2
)
y˙ = −xz + βx + a(x, y, z)
(
z2 +
y2 − x2
2
− c
)(
−yzβ − β2y − x
2y
2
)
z˙ = xy + a(x, y, z)
(
z2 +
y2 − x2
2
− c
)
βx2 − zx2 − βy2 − y2z
2
u ∈ V , is orbitally phase asymptotically stable, with respect to per-
turbations in V , along the invariant manifold
H−1β ({h}) =
{
(x, y, z) ∈ R3
∣∣∣∣14(x2 + y2)− βz = h
}
(b) Γ, as a periodic orbit of the dynamical system


x˙ = yz + βy − a(x, y, z)
(
z2 +
y2 − x2
2
− c
)(
xβ2 − xzβ + xy
2
2
)
y˙ = −xz + βx − a(x, y, z)
(
z2 +
y2 − x2
2
− c
)(
−yzβ − β2y − x
2y
2
)
z˙ = xy − a(x, y, z)
(
z2 +
y2 − x2
2
− c
)
βx2 − zx2 − βy2 − y2z
2
u ∈ V , is unstable.
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3. For every smooth functions a, b ∈ C∞ (V, (0,∞)):


x˙ =yz + βy − a(x, y, z)
(
x2 + y2
4
− βz − h
)(
xy2 + 2xz2 − 2βxz)
+ b(x, y, z)
(
z2 +
y2 − x2
2
− c
)(
xβ2 − xzβ + xy
2
2
)
y˙ =− xz + βx − a(x, y, z)
(
x2 + y2
4
− βz − h
)(
yx2 + 2yz2 + 2βyz
)
+ b(x, y, z)
(
z2 +
y2 − x2
2
− c
)(
−yzβ − β2y − x
2y
2
)
z˙ =xy − a(x, y, z)
(
x2 + y2
4
− βz − h
)(−βx2 + zx2 − βy2 − y2z)
+ b(x, y, z)
(
z2 +
y2 − x2
2
− c
)
βx2 − zx2 − βy2 − y2z
2
u ∈ V , is orbitally phase asymptotically stable.
In the following tables we put toghether in all cases mentioned above the
perodic orbit of the perturbated system and the perodic orbit of the Rabinovich
system. This way we have the complete picture of how we can asymptotically
stabilize the periodic orbits of the Rabinovich system.
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Γ is asymptotically Γ is asymptotically Γ is asymptotically
stable along C−1({c}) stable along C−1({c}) and C−1({c′}) unstable along C−1({c})
Γ is asymptotically Γ is asymptotically Γ is orbitally phase
stable along H−1β ({h}) unstable along H−1β ({h}) asymptotically stable
Figure 1: Asymptotic stabilization of periodic orbits (9) in the case β 6= 0, c > β2; c > h
2
β2
1
3
Γ is asymptotically Γ is asymptotically Γ is asymptotically
stable along C−1({c}) stable along C−1({c}) and C−1({c′}) unstable along C−1({c})
Γ is asymptotically Γ is asymptotically Γ is orbitally phase
stable along H−1β ({h}) unstable along H−1β ({h}) asymptotically stable
Figure 2: Asymptotic stabilization of periodic orbits (9) in the case β 6= 0, β2 < c = h
2
β2
1
4
Γ is asymptotically Γ is asymptotically Γ is asymptotically
stable along C−1({c}) stable along C−1({c}) and C−1({c′}) unstable along C−1({c})
Γ is asymptotically Γ is asymptotically Γ is orbitally phase
stable along H−1β ({h}) unstable along H−1β ({h}) asymptotically stable
Figure 3: Asymptotic stabilization of periodic orbits (9) in the case β 6= 0, 2h− β2 < c < h
2
β2
, h > β2
1
5
Γ is asymptotically Γ is asymptotically Γ is asymptotically
stable along C−1({c}) stable along C−1({c}) and C−1({c′}) unstable along C−1({c})
Γ is asymptotically Γ is asymptotically Γ is orbitally phase
stable along H−1β ({h}) unstable along H−1β ({h}) asymptotically stable
Figure 4: Asymptotic stabilization of periodic orbits (9) in the case β 6= 0, β2 < c < 2h− β2
1
6
Γ is asymptotically table along C−1({c}) Γ is asymptotically unstable along C−1({c})
Γ is asymptotically Γ is asymptotically Γ is orbitally phase
stable along H−1β ({h}) unstable along H−1β ({h}) asymptotically stable
Figure 5: Asymptotic stabilization of periodic orbits (9) in the case β 6= 0,−β2 < h < β2, c = β2
1
7
Γ is asymptotically stable along C−1({c}) Γ is asymptotically unstable along C−1({c})
Γ is asymptotically Γ is asymptotically Γ is orbitally phase
stable along H−1β ({h}) unstable along H−1β ({h}) asymptotically stable
Figure 6: Asymptotic stabilization of periodic orbits (9) in the case β 6= 0, h > β2, c = β2
1
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Γ is asymptotically Γ is asymptotically Γ is asymptotically
stable along C−1({c}) stable along C−1({c}) and C−1({c′}) unstable along C−1({c})
Γ is asymptotically Γ is asymptotically Γ is orbitally phase
stable along H−1β ({h}) unstable along H−1β ({h}) asymptotically stable
Figure 7: Asymptotic stabilization of periodic orbits (9) in the case β 6= 0,max(−2h− β2, 0) < c < h
2
β2
, −β2 < h < 0
1
9
Γ is asymptotically Γ is asymptotically Γ is asymptotically
stable along C−1({c}) stable along C−1({c}) and C−1({c′}) unstable along C−1({c})
Γ is asymptotically Γ is asymptotically Γ is orbitally phase
stable along H−1β ({h}) unstable along H−1β ({h}) asymptotically stable
Figure 8: Asymptotic stabilization of periodic orbits (9) in the case β 6= 0,−β2 < h < β2, h
2
β2
< c < β2
2
0
Γ is asymptotically Γ is asymptotically Γ is asymptotically
stable along C−1({c}) stable along C−1({c}) and C−1({c′}) unstable along C−1({c})
Γ is asymptotically Γ is asymptotically Γ is orbitally phase
stable along H−1β ({h}) unstable along H−1β ({h}) asymptotically stable
Figure 9: Asymptotic stabilization of periodic orbits (9) in the case β 6= 0, 0 < c < min(β2, h
2
β2
), h > 0
2
1
Γ is asymptotically stable along C−1({c}) Γ is asymptotically unstable along C−1({c})
Γ is asymptotically Γ is asymptotically Γ is orbitally phase
stable along H−1β ({h}) unstable along H−1β ({h}) asymptotically stable
Figure 10: Asymptotic stabilization of periodic orbits (9) in the case β 6= 0,−β
2
2
< h < 0, c = 0
2
2
Γ is asymptotically stable along C−1({c}) Γ is asymptotically unstable along C−1({c})
Γ is asymptotically Γ is asymptotically Γ is orbitally phase
stable along H−1β ({h}) unstable along H−1β ({h}) asymptotically stable
Figure 11: Asymptotic stabilization of periodic orbits (9) in the case β 6= 0, h > 0, c = 0
2
3
Γ is asymptotically Γ is asymptotically Γ is asymptotically
stable along C−1({c}) stable along C−1({c}) and C−1({c′}) unstable along C−1({c})
Γ is asymptotically Γ is asymptotically Γ is orbitally phase
stable along H−1β ({h}) unstable along H−1β ({h}) asymptotically stable
Figure 12: Asymptotic stabilization of periodic orbits (9) in the case β 6= 0,−2h− β2 < c < 0
2
4
Γ is asymptotically Γ is asymptotically Γ is asymptotically
stable along C−1({c}) stable along C−1({c}) and C−1({c′}) unstable along C−1({c})
Γ is asymptotically Γ is asymptotically Γ is orbitally phase
stable along H−1β ({h}) unstable along H−1β ({h}) asymptotically stable
Figure 13: Asymptotic stabilization of periodic orbits (9) in the case β = 0, h > 0, c > 2h
2
5
Γ is asymptotically Γ is asymptotically Γ is asymptotically
stable along C−1({c}) stable along C−1({c}) and C−1({c′}) unstable along C−1({c})
Γ is asymptotically Γ is asymptotically Γ is orbitally phase
stable along H−1β ({h}) unstable along H−1β ({h}) asymptotically stable
Figure 14: Asymptotic stabilization of periodic orbits (9) in the case β = 0, 0 < c < 2h
2
6
Γ is asymptotically stable along C−1({c}) Γ is asymptotically unstable along C−1({c})
Γ is asymptotically Γ is asymptotically Γ is orbitally phase
stable along H−10 ({h}) unstable along H−10 ({h}) asymptotically stable
Figure 15: Asymptotic stabilization of periodic orbits (9) in the case β = 0, h > 0, c = 0
2
7
Γ is asymptotically Γ is asymptotically Γ is asymptotically
stable along C−1({c}) stable along C−1({c}) and C−1({c′}) unstable along C−1({c})
Γ is asymptotically Γ is asymptotically Γ is orbitally phase
stable along H−10 ({h}) unstable along H−10 ({h}) asymptotically stable
Figure 16: Asymptotic stabilization of periodic orbits (9) in the case β = 0,−2h < c < 0
2
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